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Excitation of Gas Bubbles for Fre¢ Oscillations
by. Changing the Ambient Pressure
Summary .~

Experimental-data giver in the literature on free oscil-
lations of gas bubbles excited by changing the ambi-
ent-pressure in‘a liquid are analyzed. It is found that
this excitation technique is rather effective in-that it
enables a broad range of oscillation intensities to be
obtained. The highest oscillation intensities are ob-
tained whenthe duration of the driving pressure pulse
is comparable with the compression time of the bub-

- ble: As with other excitation techniques, higher damp-
ing of bubble oscillations than predicted by theory is
observed:

Anregung von Gasblasen zu freien Schwingungen
durch Anderung des Umgebungsdrucks
Zusammenfassung

Es werden die experimentellen Literaturdaten Uber freie
Schwingungen von Gasblasen analysiert, die durch An-
derung des Umgebungsdrucks angeregt werden. Es zeigt
sich, daB diese Art der Anregung insofern ziemlich effek-

tiv ist, als sie einen breiten Bereich von Schwingungsin-
tensitdten zuldBt. Die hochsten Schwingungsintensititen
wurden erhalten, wenn die Dauer des erregenden Druck-
impulses vergleichbar mit der Kompressionszeit der Bla-
se ist. Wie auch bei anderen Anregungsmethoden, werden
hohere Ddmpfungen der Blasenschwingungen beobach-
tet als die von der Theorie vorhergesagten.

Excitation de bulles de gaz pour oscillations libres
par changement de pression ambiante

Sommaire

On a procédé a une analyse des résultats expérimentaux
que l'on trouve dans la littérature spécialisée sur les oscil-
lations libres de bulles de gaz engendrées par change-
ment de la pression ambiante dans un liquide. I apparait
que cette technique d’excitation est relativement efficace
puisqu’elle permet d’obtenir une forte dynamique de I'in-
tensité des oscillations. Les intensités d’oscillation les plus
¢levées s’obtiennent lorsque la durée de I'impulsion de
pression d’excitation est comparable a la durée de com-
pression de la bulle. En ce qui concerne les autres tech-
niques d’excitation, on a observé un amortissement des
oscillations des bulles supérieur a ce que prévoit la théo-
rie.

1. Introduction

Bubbles oscillating in liquids may both perform useful
work, as in ultrasonic cleaners, and act harmfully, as
for example cavitation in hydraulic machinery. For
both these reasons oscillating bubbles have been a
subject of intensive research for a long time. Recent
work concentrates on low-energy free oscillations in
response to a short-lived excitation [1, 2], low-energy
stable oscillations in a periodic driving field [3], high-
energy oscillations in response to periodic driving
fields [4], acoustic diagnostic pulses [5], acoustic
lithotriptic pulses [6], step changes in pressure [7],
laser-irradiation [8—10], or electrical discharges [11].
Further studies deal with dynamics of periodically
driven bubble clouds [12], and passive emissions from
collective oscillations of bubble clouds [13—135]. Final-
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ly, the contribution of changes in ambient pressure
to the excitation of passive acoustic emissions from
oceanic bubbles [16—18], the thermal behaviour of
bubbles [19], and shape-resonant mechanism and as-
sociated exchange of energy between the shape oscilla-
tions and the breathing mode [20, 21], are also current
topics of great interest.

Excitation of gas bubbles for free oscillations by
changing the ambient pressure in a liquid is one of the
basic excitation techniques [22]. This technique was
used in experimental studies on bubble dynamics, for
example, by Smulders and van Leeuwen [23], Jensen
[24], Shima et al. [25] and Vokurka et al. [7].

In this paper, the experimental data given in Refs.
[23-25] will be analyzed with the aim of determining
the intensities of bubble oscillations. For this purpose,
a method based on scaling functions and described in
Ref. [26] will be used. The results obtained are useful
for comparison of the oscillation intensities of bubbles
excited by different techniques and when planning
new experiments on bubble dynamics. The results also
confirm earlier findings [26] regarding excessive
damping of oscillating bubbles.
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2. Experimental techniques

Several basic results regarding the excitation of gas
bubbles for free oscillations by changing the ambient
pressure in the liquid, p_,, were given in Ref. [22]. Ac-
cording to that study, in order to excite the bubble, the
ambient pressure must be either increased or de-
creased. However, to ensure that the bubble remains
a pure gas bubble (the case considered here), the ambi-
ent pressure should not drop below the liquid vapour
pressure, P,. Thus, if the maximum value of the ambi-
ent pressure change is denoted as Ap, one obtains two
ranges of possible values for Ap: (i) Ap>0, (ii)
P —p.;<Ap <0. Here p, is the initial value of the
ambient pressure.

With regard to the time interval, AT, during which
the new ambient pressure occurs (the rise time of the
pressure change Ap will be denoted as At), two cases
can be distinguished. In the first case it is assumed that
the new ambient pressure p/,, = p; + Ap is relatively
constant and lasts for a longer time than the interval
during which the bubble is being observed. This situa-
tion was symbolically denoted in Ref. [22] as AT — oo.
In the second case the ambient pressure p,, changes
significantly during the interval in which the bubble is
being observed. This situation was denoted in Ref. [22]
as AT < oo, and the pressure change was referred to as
“transient”.

There are basically two ways to change the ambient
pressure in a liquid containing a gas bubble. First, the
liquid with the gas bubble is at “rest” and a pressure
disturbance (a wave of compression, a wave of rarefac-
tion, or a combination of both) travels through the
liquid. Second, the liquid with the bubble flows
through a region where the pressure is either increased
or decreased.

Of these possibilities, only the method based on the
wave of compression (usually a shock wave) was used
experimentally. To generate a relatively long-lasting
ambient pressure increase (Ap >0, AT — c0), Smul-
ders and van Leeuwen [23] and Vokurka et al. [7] used
a shock tube. On the other hand, Jensen [24], and
Shima et al. [25] produced a transient ambient pres-
sure change (Ap > 0, AT < o) by underwater explo-
sions and by spark discharges, respectively.

If only these experiments are considered, a better
designation of the excitation technique would proba-
bly be “excitation by pressure pulses”. However, the
designation “excitation by changing the ambient pres-
sure” indicates that there is a broader spectrum of
possible excitation techniques (as discussed above),
even if they have not as yet been used experimentally.

The case when Ap < P, — p_; has been deliberately
omitted from this discussion. This is because genera-
tion and excitation of bubbles under such circum-

stances is known as cavitation, and cavitation bub-
bles, with respect to their importance, were discussed
separately [27].

3. Evaluation of experimental data

3.1. Experiment of Smulders and van Leeuwen

In the experiment of Smulders and van Leeuwen [23]
a shock tube was employed to generate an ambient
pressure change (pressure step wave) in water. This
pressure step excited a gas bubble, floating upward in
the liquid, for free oscillations. According to the au-
thors, the rise time of the pressure step, At, was less
than 4 ps and the pressure behind the front was almost
constant for approximately AT = 3 ms. As the bubble
observations lasted only 550 ps, it is evidently the case
that AT — 0.

Let us evaluate the data given in Fig. 7 of Ref.
[23]. In this particular case the initial radius of the
bubble was R; =1 mm, the initial ambient pressure
Poi = 50 kPa, and the increased pressure behind the
step wave front p’, = 180 kPa. As the gas inside the
bubble was air, and is here assumed to behave adia-
batically, the polytropic exponent takes a value equal
to 7, the ratio of the specific heats of the gas, which for
air equals 1.4. From the values of the pressure given
above, it follows that the non-dimensional pressure
step strength was

Ap* = Ap/p.;

and the non-dimensional pressure at the bubble wall
at the beginning of the compression was

Poi/Pe = 0.28.

Then the corresponding amplitude of the first bubble
oscillation A4, = R;/R., (here R, is the bubble “equilib-
rium” radius under a new ambient pressure p ; see
also the Appendix B for the definition of the ampli-
tude A) can be determined by means of the formula [7]

Ay =(poi/Pi) M. 1
Eq. (1) was derived under the assumption that the
pressure increase from p; to p’,, was accomplished in
a much shorter time than the time of the first bubble
compression, T,, (T,, is defined as a time, during
which the bubble is compressed from the initial radius
R; to the first minimum radius R,,;). As the rise time
of the pressure was At &~ 4 us and T; ~ 94 s, it can be
seen that this assumption is fulfilled here. After substi-
tuting into eq. (1), it will be found that the first ampli-
tude is 4, = 1.35.
The non-dimensional first minimum bubble ra-
dius as estimated from Fig. 7 of Ref. [23] is Z,,, =
R,,;/R, =0.53 (here the initial radius R; was taken at

=(Po = Pooi)/Poci = 2.6
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t = 1 ps and the first minimum radius R, at t = 94 ps).
Similarly the non-dimensional second maximum ra-
dius estimated from Fig.7 of Ref [23] equals
Zy> = Ry/R; = 0.93 (the estimate of the second max-
imum radius Ry, represents an average taken at times
t =178 ps and t = 182 ps and from two mutuaily per-
pendicular directions). The experimental radii are
compared with the theoretical data in Fig. 1 (the theo-
retical variations of Z,, and Z,, with the pressure
step Ap* shown in Fig. 1 were calculated using the
model given in the Appendix A). It can be seen from
Fig. 1 that the experimental minimum radius Z,_,
agrees rather well with the theoretical data. As far as
the experimental maximum radius Z,, is concerned,
it is smaller than the theoretical value. A smaller Z,,
usually indicates a larger dissipation of the bubble
energy than considered by the theoretical model (see,
e.g. the Appendix B for the definition of a damping
factor ao,, which equals Z,;,). However, the results
reported in paper [7] indicate that the processes in-
volved in this particular excitation technique are
rather complex and at present no satisfactory answer
can be given to explain why the maximum radius Z,,,
is so small. No error bars are shown in Fig. 1 since
the procedure used to determine Z,,, and Z,, has a
high accuracy.

3.2. Experiment of Jensen

To measure the pressure inside a gas bubble directly,
Jensen [24] developed an experimental arrangement
where the bubble was enclosed in a thin rubber mem-
brane. The excitation of the bubble for free oscillations
was brought about by means of a shock wave generat-
ed by a small electric detonator. The distance of the

zm‘l 0.4 —
Zuz
0.2
0 : ! L
0 1 2 3

AP*——>

Fig. 1. Variation of the first minimum radius Z_, and second
maximum radius Z,;, with the pressure step strength Ap*
(—— theory, o and e experiment).

bubble centre from the detonator, d, varied from 0.3 to
1.5 m. Hence, according to eq. (3) in Ref. [24] the shock
wave pressure Ap at the place of the bubble ranged
from 2.3 to 14.1 MPa. The main part of the shock
wave was concentrated within the first 50 ps after the
shock front (i.e. AT &~ 50 ps), which is a much shorter
interval than the time of the first bubble compression
T.,. (A typical value of T, is 0.6 ms — see Table III).
Hence the ambient pressure change was a transient
one (AT < ). The hydrostatic pressure at the place
of the bubble was approximately p_; = 100 kPa, be-
cause Jensen used an open experimental water chan-
nel of dimensions 0.6 x 0.7 x 7 m exposed to atmo-
spheric pressure.

In the experiments the initial bubble radii R, ranged
from 5 to 15 mm. With respect to the attained bubble
oscillation amplitudes (to be determined later), it can
be seen in the bubble map [26] that these bubbles
belong to the so-called scaling bubbles, for which heat
losses should be insignificant. This was also experi-
mentally verified by Jensen [24], who found that the
absolute pressure at the bubble wall, P, is related to
the bubble radius, R, by the adiabatic law, i.e.

P =p.;(R/R)™™. &)

As the gas inside the bubble was air, the adiabatic
exponent is y = 1.4

An example of the computed time histories of the
bubble radius, R, and pressure at the bubble wall, P,
is given in Figs. 2 and 3, respectively. Displayed time
histories were computed with Herring’s simplified
equation of motion for the bubble wall as given in
Appendix A. The transient change of the ambient
pressure was assumed to have the simple form of an
exponential pulse, given also in Appendix A. The pres-
sure pulse parameters Ap and 9 (3 is the time constant
of the exponential pulse) were selected in such a way
as to give a bubble response similar to the experimen-
tal one as given in Fig. 6 or Ref. [24] and discussed
later in this section. However, no special efforts were
made to obtain complete similarity. Note that the
driving pressure pulse p, shown schematically in
Fig. 2 represents a sharp spike in comparison with a
relatively slow bubble response.

Some basic quantities used in the following para-
graphs when evaluating experimental data are also
given in Figs. 2 and 3. For example, B, and P, are the
absolute maximum and minimum pressures at the
bubble wall, and F, and F, represent the acoustic peak
and trough pressures at the bubble wall, respectively.
The mutual relations among these pressures are as
follows:

BRi=F +pus» (3)
Bo=F+ poi- )
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Fig. 2. Computed time history of the bubble wall motion.

400 -

Fig. 3. Computed time history of the pressure at the bubble
wall.

Let us now evaluate the experimental data given in
Ref. [24]. First, from Fig. 8 of Ref. [24] it follows that
in the experiments the first peak pressure at the bubble
wall, P, ranged from 10kPa to 2.5 MPa. Using
egs. (2) and (3) it can be determined that the non-di-
mensional first minimum bubble radii Z,,;, = R,{/R;
ranged from 0.978 to 0.461. Using the scaling function
Z . (A) given in Fig. 4 (this function was calculated
using the model given in Appendix B) it can be found
that the first amplitudes of bubble oscillations 4, thus
ranged from 1.01 to 1.41. These values of 4, can be
used in conjunction with the bubble sizes to locate the
bubbles in the bubble map [26] (as was done earlier).

As a second example, the pressure variations inside
the oscillating bubble as given in Fig. 6 of Ref. [24] will
be considered. In this particular case, the initial bub-
ble radius was R; = 15 mm and the distance from the
charge was d = 0.5 m. The shock pressure (as deter-
mined from eq. (3) of Ref.[24]) was Ap =792 MPa
and the first peak pressure at the bubble wall (as deter-

estimated directly from Fig. 6 of Ref. [24] by compar-
ison with B,,. These peak and trough pressures and
the corresponding maximum and minimum pressures
are given in Table 1. It should be noted here that since
no calibrated vertical scale is given in Fig. 6 of Ref.
[24], these estimates are necessarily rather poor.

From the pressures given in TableI it is now
possible to determine, using eq. (2), the minimum and
maximum radii R,,;, Ryz, Rz, Rus, and R 5, and
thus also the non-dimensional minimum radii
Z1 = Rui/R;, Z1y = Rupa/Ryzy Zimy = Ryp3/Rys, and
the second damping factor o, = Ry3/Ry, (for a defini-
tion of the radii see Fig. 2). These quantities, together
with the estimated amplitudes of bubble oscillation (as
determined from the scaling functions Z ,(4) and a (4)
given in Fig. 4) are summarized in Table II.

Table I. Peak, trough, and corresponding maximum and
minimum pressures at the bubble wall.

P,= 230kPa B,; =330 kPa
P, = — 54kPa P,= 46kPa
P,= 205kPa Ry, = 305 kPa
P, = — 46kPa P,= 54kPa
P,= B80kPa By, = 180 kPa

Table II. Minimum radii, second damping factor, and corre-
sponding amplitudes of the oscillating bubble (the ampli-
tudes being determined from the scaling functions Z,, (4) and

a(A)).

Z,, =075 A, =115
Z., =064 A, =124
Zo =075 Ay =115
2, =096 A, =192
1
[0 9
08 -
06 -
Zp Zn
w O0bF
02
0 1 1 |
1 125 15 175 2
A —————w

Fig. 4. Scaling functions Z_ (A4) and a(4).
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Note that in the case of a transient pressure change,
strictly speaking, the amplitude cannot be defined in
the usual way as the ratio of the maximum and equi-
librium radii. The reason for this is that the equilibri-
um radius has lost its usual meaning for a variable
ambient pressure. (Similarly, the damping factor can
be defined in its usual sense only for environments
with a relatively constant ambient pressure.) Never-
theless the amplitude still falls within the definition of
an oscillation intensity measure and as such can be
determined via the scaling functions of some measur-
able quantities. This approach has been adopted in
the present and in the following sections.

As follows from Table II, the amplitude of the sec-
ond oscillation, as determined from Z ,,is 4, = 1.24.
A theoretical damping factor corresponding to this
amplitude can be determined as above from the func-
tion o (A) given in Fig. 4, and it follows that o, = 0.99.
However, the experimental damping factor in Table II
was determined directly as the ratio of Ry; and Ry,,,
and its was found that «, =0.96. From the scaling
function given in Fig. 4 it then follows that the ampli-
tude corresponding to this value of a, is 4, =1.92.
Thus, two pairs of different values of A, and «, are
obtained. A possible interpretation of these inconsis-
tencies will be given in Section 4.

Let us also determine the “average” ambient pres-
sures {p, > during each phase of the bubble oscilla-
tions. These “average” values can be found from the
relation

<poo> = Qw(EcRM/n)27 (5)

which follows from a definition of the non-dimension-
al time of the bubble compression T,.. In eq.(5),
0., = 1000 kg/m?> is the density of the water. For the
amplitudes given in Table II the corresponding values
of T, can be determined from Fig. 5 (the scaling func-
tion T, (4) displayed in Fig. 5 was obtained using the
model given in the Appendix B). The maximum radii
R, were computed from data given in Table I using
eq.(2). Finally the times of compression T,
T.,=T,/2, and T,;=T,/2 were estimated from
Fig. 6 of Ref. [24] (here T, and T 5 are the times of the
second and third oscillations, respectively, see Fig. 2).
The times of the bubble compression and correspond-
ing “average” ambient pressures as computed from
eq. (5) are given in Table III. As can be seen from
Table ITI, the “average” ambient pressures do not
drop below the initial ambient pressure p_ ;. This indi-
cates a complex wave field in the test channel (proba-
bly due to wave reflections) because normally the
shock wave from an underwater explosion should be
followed by a wave of rarefraction [28]. Unfortunately,
Jensen [24] does not report the time development of
the pressure p,, so that comparison of the estimates

Vol. 78 (1993)
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Fig. 5. Scaling function T, (4).

Table ITI. Times of bubble compression and corresponding
values of the “average” ambient pressure.

T,, =06 ms (P> =114 MPa
T,=19 ms {Pw2> =145kPa
T, =225ms {Pp3y =109 kPa

obtained here with measured values cannot be under-
taken.

3.3. Experiment of Shima et al.

Shima et al. [25] used an air bubble (y = 1.4) of an
initial radius R; = 1 mm which was impinged on by a
shock wave generated at the instant of a spark dis-
charge in water. The shock wave strength at the place
of the gas bubble was approximately Ap = 5 MPa (the
air bubble was situated at a distance d ~ 5 mm from
the discharge centre), and the positive part of the
shock wave lasted approximately for AT = 10 ps (the
value of AT can be estimated from Fig. 3 of Ref. [29]).
Shima et al. [25] measured a peak pressure in the
bubble pulse, p,,, that was radiated by the air bubble
at its first compression. From Fig. 5 in Ref. [25], for
example, it follows that at a distance from the air
bubble centre r = 6 mm, the peak pressure at the bub-
ble pulse was p,, = 2 MPa. The initial ambient pres-
sure in the liquid was p_,; = 100 kPa. Finally, the time
of the first bubble compression can be estimated from
Fig. 2 in Ref. [25] as being approximately T, ~ 25 us.
From these values the non-dimensional first peak
pressure in the bubble pulse is p,,; = (p,1/P.1) 7/R;
= 120. Then, using the scaling function p,,(4) given in
Fig. 6 and computed with the model given in the Ap-
pendix B, it can be determined that the corresponding
amplitude of the first oscillation is 4, = 3.3.
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Fig. 6. Scaling function p,,(4).

4. Discussion

Excitation of gas bubbles for free oscillations by
changing the ambient pressure is a very effective meth-
od which makes it possible to excite the bubbles to
oscillate with a broad range of amplitudes (in the
examples studied here A, ranged from 1.01 to 3.3). As
shown theoretically in Ref. [22], this excitation tech-
nique is very sensitive to the length, AT, of the driving
pressure pulse. The maximum amplitudes are ob-
tained for a given pulse strength Ap and for a square
waveform if AT/T,, = 1. This is in good agreement
with the experimental data analyzed in this paper. For
example, as discussed above, Jensen [24] used a driv-
ing shock wave having values Ap =7.92 MPa and
AT = 50 ps. The corresponding amplitude of the bub-
ble oscillation was A, = 1.15 and the compression
time T,; = 0.6 ms (see Table III). On the other hand,
Shima et al. [25] used a driving shock wave having
values Ap = 5 MPa and AT =10 ps. In this experi-
ment the bubble oscillated with a much larger ampli-
tude A, =33 and the compression time was
T, =25 ps.

Thus, though the pressures Ap were of the same
order in these two tests, the amplitudes of bubble
oscillations A, differed substantially. As said above,
the reason for this is the mutual relation between AT
and T,,. While in the first case AT/T,; =0.083 <1,
the ratio in the second case is AT/T,, = 0.4, and hence
a more effective excitation ensues. (It should be noted
that according to eq. (5), T, is dependent on Ap, Ry,
and to some extent also on A).

Due to sound radiation, an exact scaling is not
possible between bubbles oscillating at different ambi-
ent pressures. Hence the bubble wall motion will be

different for each form and value (Ap) of the ambient
pressure change. It follows then that the bubble map
[26], which was determined for a constant ambient
pressure p. = 100 kPa, should be used only with
reservation for other pressures. Also, strictly speaking,
the amplitudes should not be determined via the val-
ues of Z,, or p,,, as was done in Sections 3.2 and 3.3.
However, as the highest ambient pressures occurred
just at the beginning of the compression phase, the
errors introduced by using the scaling functions
Z.(A) and p,,(4), computed for p, =100kPa,
should be small.

When analysing the data in Section 3.2, the damp-
ing factor computed from the experimental maxium
radii, «, = 0.96, was lower than that corresponding to
the amplitude A, = 1.24 (this amplitude was deter-
mined from the minimum radius and the respective
damping factor is «, = 0.99). The author’s experience
is that the value of the minimum radius usually is in
agreement with the theory (see, e.g., Fig. 1, and the
discussion in Ref. [26]) and hence the value of the
amplitude A, = 1.24 is considered as being quite reli-
able. Assuming this is true, then a damping factor
lower than that pedicted by the theory indicates either
an increased energy dissipation in a real bubble or,
similarly, an omission of some dissipative mechanism
in the theoretical model. However, this omitted damp-
ing mechanism is a little mysterious because as a con-
sequence of the relatively large bubble size, thermal
losses may be excluded. In addition, because of the
rubber membrane, some other mechanisms, such as
excessive gas cooling in protuberances, loss of the gas
from the main bubble in the form of microbubbles,
etc., also cannot be considered. Unfortunately, lack of
more extensive experimental data prevents us from
drawing specific conclusions regarding this dissipative
mechanism at present.

In the experiments discussed a non-spherical bub-
ble shape was occasionally observed. As recently
shown by Longuet-Higgins [20, 21], in the presence of
shape distortions, an exchange of energy between the
shape oscillations and a breathing mode exists. How-
ever, as we concentrated on early stages of the bubble
oscillation, where the departure from sphericity was
usually small, we believe it was not necessary to con-
sider this energy exchange here.

5. Conclusion

In the paper, experiments described in Refs. [23-25]
were analyzed with the aim of determining the intensi-
ties of bubble oscillations. The results obtained are
summarized in Table IV. As follows from Table IV, the
excitation of bubbles for free oscillations by changing
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Table IV. Amplitudes of oscillations and sizes of experimen-
tal bubbles.

Source work Amplitude A Bubble size R,
mm

[23] 1.35 1

[24] 1.01-1.41 5-15

[25] 33 1

the ambient pressure enables one to obtain a rather
broad range of oscillation amplitudes. It was also
found that the highest oscillation intensities were ob-
tained when the duration of the driving pressure pulse
was comparable with the compression time of the
bubble. Finally, as with other experiments [26], an
increased damping of the bubble wall motion was
observed as well.

Appendix A

Though in the case of the experimental bubbles depar-
tures from sphericity can occur, the following theory
assumes, for simplicity, that the bubble remains spher-
ical at all times. As shown in Ref. [30], for moderate
intensities of bubble oscillations, Herring’s simplified
equation for the wall motion gives the same results as
more sophisticated models. This equation has the
form

RR+ (/2R = (1/0,,)(P — p,, + PR/c,)). (A1)

Here R denotes the bubble radius, g, the liquid den-
sity, P the pressure in the liquid at the bubble wall, p,
the time dependent ambient pressure, and ¢, the
speed of sound in the liquid. Dots denote differentia-
tion with respect to time, and the initial conditions of
eq. (A1) are R(0) = R, and R(0) = 0.

To obtain the theoretical values of the first mini-
mum radius, R,,;, and the second maximum radius,
Ry, given in Fig. 1, the time dependent ambient pres-
sure was assumed in the form

Poi t<0,
Do = —Doi +Apt/At 0t Z AL, (A2)
Poi +Ap=p, At<t.

The pressure in the liquid at the bubble wall was
computed using the equation:

P =(p,; +20/R)(R/R? — 26/R —4nR/R. (A3)

Here y is the ratio of the specific heats for the gas
inside the bubble, ¢ the surface tension and # the
dynamic viscosity of the liquid.

When computing the radius and pressure time his-
tories given in Figs. 2 and 3, the time dependent ambi-
ent pressure was assumed in the form

—DPoi t<0,
Po = p_ 4+ Apexp(—1/9) t20.
Here 3 is a suitable time constant. The pressure at the
bubble wall was computed from eq. (2).
Data given in Figs. 1 to 3 were computed for air
bubbles in water, i.e., the physical constants had val-
ues:

0., = 1000 kg/m?3, ¢ = 1450 m/s, ¢ = 0.072 N/m,
n=10"3kgs 'm L, y=14.

(A4)

In the case of Fig. 1, the rise time of the pressure step
was assumed to be Ar =5 ps, and the pressure step
strength Ap ranged from 0 to 150 kPa. The initial bub-
ble radius was R, = 1 mm and the initial ambient pres-
sure p; = 50 kPa. The computed quantities are dis-
played in a non-dimensional form, ie. Z,,, = R,,,/R;,
Zyz = Ryz/R;, and Ap* = Ap/p ;.

In the case of Figs. 2 and 3, the shock wave pressure
was assumed to be Ap =5 MPa, the time constant
8 = 15 ps, the initial bubble radius R; = 15 mm, and
the initial ambient pressure p; = 100 kPa.

Appendix B

Gilmore’s equation of motion for the bubble wall,
which is suitable for more intensive oscillations, has
the form (see, e.g. Ref. [30] for the source works con-
taining further details)

RR(1—R/C)+ (3/2R2(1 — R/3C))

=H(1 +R/C)+ RH/C(1 —R/C). (B1)

The velocity of sound in the liquid at the bubble wall
can be found as

C=c,[(P+B)p, + BV, (B2)

and the enthalpy difference between the liquid at pres-
sures P and p_ under isentropic conditions as

H =1/ )n/(n—1)(p, + B)
{l(P + B)(p., + BI"" V" —1}.

Inegs. (B2) and (B 3), B and n are constants in the Tait
equation of state for a liquid. The initial conditions of
eq.(B1) are R(0) = Ry and R(0) = 0, where Ry is an
initial maximum radius. (In this section, numerical
indices have been omitted, where possible, for simplic-
ity.)

When computing the scaling functions given in
Figs. 4 to 6, the ambient pressure p,, was assumed to
be constant, i.e., p, =p.;, and the pressure at the

(B3)
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bubble wall was assumed in the form

P=P_(R/Ry)~?". (B4)

In eq. (B4), the initial minimum pressure B, < p,, rep-
resents a parameter determining the intensity of the
bubble oscillation. However, for the purpose of com-
parison with other results, it is convenient to use the
amplitude A defined as [26]

A=RyR,. (B6)

Here R, is the equilibrium radius defined by the con-
dition that R = R, when P = p_. The amplitude and
the minimum pressure are related by the simple equa-
tion

A= (Po/pe) .

Then for a given 4, p,,, and y, the corresponding F,
can be found from eq.(B7), and for this minimum
pressure eq. (B1) solved. Thus the minimum radius
R, the compression time T,, and the second maxi-
mum radius Ry, are obtained. (Note that in case of
constant ambient pressure p. there is no sense in
prolonging the integration of eq. (B1) beyond Ry, .)

During the bubble oscillation a pressure wave is
radiated. The peak pressure in the wave, p,, can be
found using the 1/r law for diverging spherical waves
as

(B7)

p,=F R, /r. (B8)

Here r is the point in the liquid where p, is to be
determined. The peak pressure at the bubble wall, F,,
and the maximum pressure at the wall, B,, are related
by eq.(3), and the pressure R, can be found from
eq. (B4) when substituting R = R,,.

To characterize the dissipation of energy by the
oscillating bubble during the wall motion between
two consecutive maximum radii, a damping factor, a,

can be defined as
% = Ry 1/Ruwi- (B9)

It is convenient to display the quantities R, T, and
p, in a non-dimensional form, using the relations:

Zm = Rm/RM’ ’Tzc = T;/[RM (Qoo/poo)llz]s
pzp = (pp/poo) r/RM‘

Computations were performed for water under ordi-
nary laboratory conditions, and an air bubble, i.e., the
physical constants had the values:

0. = 1000 kg/m?,
y=14.

i = 100 kPa,
B = 300 MPa,

¢, = 1450 m/s,

n=17,

The scaling functions Z, (4), «(4), T,.(4), and p,,(4)
thus obtained are displayed in Figs. 4 to 6.
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