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Summary

Significant bubble wall positions computed in Rayleigh’s, Herring’s, modified Herring’s, and
Gilmore’s models of freely oscillating gas bubbles are mutually compared. The computations
were performed for a non-linear amplitude of bubble oscillations, 4, ranging from 1 to 10. A4 is
defined as the ratio of the maximum (Ryy) to the equilibrium (R,) radius of a bubble. Gilmore’s
model is used as a reference model and it is found that Rayleigh’s model gives satisfactory
results for amplitudes A4 = 2, and both the original and the modified Herring models for ampli-
tudes 4 = 4.5.

Vergleich des Rayleighschen, Herringschen und Gilmoreschen Gasblasenmodells
Zusammenfassung

Es werden die Lagen einer Blasenwand, berechnet nach dem Rayleighschen, dem Herring-
schen, einem modifizierten Herringschen und dem Gilmoreschen Modell freischwingender Gas-
blasen miteinander verglichen. Die Berechnungen werden durchgefiihrt fiir einen Wertebereich
der nichtlinearen Schwingungsamplitude 4 zwischen 1 und 10. Dabei ist 4 als das Verhiltnis des
Maximalradius zum Gleichgewichtsradius einer Blase definiert. Das Gilmoresche Modell wird
als Referenzmodell benutzt; es zeigt sich, daB das Rayleighsche Modell zufriedenstellende Ergeb-
nisse fiir Amplituden 4 = 2, das urspriingliche und das modifizierte Herringsche Modell dagegen
fiir Amplituden 4 = 4,5 liefert.

Comparaison des modéles de Rayleigh, de Herring et de Gilmore concernant les bulles de gaz

Sommaire

On compare entre elles les positions significatives de la paroi d’une bulle de gaz en oscillation
libre, ces positions ayant été calculées successivement a partir du modéle de Rayleigh, du modéle
d’Herring, du modé¢le d'Herring modifié et du modéle de Gilmore. Les calculs ont été effectués
pour diverses valeurs du paramétre 4 («amplitude» non-linéaire des oscillations d’une bulle)
comprises entre 1 et 10. On définit 4 comme le rapport entre la valeur maximale Ry, et la valeur
a I’équilibre R, du rayon de la bulle. Le modéle de Gilmore a été pris comme élément de réfé-
rence. La comparaison montre que le modele de Rayleigh donne satisfaction aux amplitudes 4

inférieures ou égales & 2 et que les deux modéles d’Herring restent satisfaisants jusqu’a 4 = 4,5.

1. Introduction

At the present time there are a number of bubble
models, such as Rayleigh’s [1-4], Herring’s [2, 3],
Gilmore’s [3, 5], Keller’s and Kolodner’s [6], Flynn’s
[7], and Tomita’s and Shima’s [8], that differ both in
complexity and in the range of amplitudes for
which they can be used. For moderate amplitudes
all the models behave essentially in the same way.
However, in the region of violent oscillations only
the more complex models give satisfactory results.

The bubble models mentioned are formed by a
system of equations that enable us to determine the
motion of the bubble wall, pressure and temper-
ature fields in the liquid and in the gas, etc. From a
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mathematical point of view a solution of all these
equations by current numerical methods represents
no serious problem. However, the more complex
models, apart from consuming larger amounts of
machine time for computations, are also less *‘trans-
parent” in providing insight into the processes in-
volved. Hence, it seems only natural always to
prefer the simpler models when they are appro-
priate.

It is the aim of this paper to compare the per-
formance of Rayleigh’s, Herring’s, and Gilmore’s
models for different amplitudes and in this way to
determine their areas of validity. Besides the three
models a modified version of Herring’s model,
which in spite of its simplicity performs remarkably
well, will also be considered. The models of Keller
and Kolodner, Flynn, and Tomita and Shima are
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omitted from the comparison because we believe
they behave similarly to Herring’s model.

A comparison of various bubble models has also
been recently reported by Lastman and Wentzell [9].
However, these authors carried out computations
only for two values of amplitude (4=73.4, and
A = 2.25) and for two bubble sizes (R, = 10 pm, and
R.=100 pm) and thus their results do not allow a
closer determination of the areas for which the
models mentioned above are valid.

In this work the medium-sized bubbles (ap-
proximately 3 mm = Ry = 0.3m), for which the
effects of gravity, surface tension, viscosity, and heat
conduction can be neglected [4], are considered.
Computations were carried out for amplitudes
1 <A =10 and the bubble was assumed to have a
spherical form throughout its motion.

2. The bubble models

Here only the equations of motion for the re-
spective models will be given. Further details re-
garding the models can be found in the sources
quoted below.

Rayleigh’s model [1—4]

In this model the liquid is assumed to be in-
compressible, which entails an infinite velocity of
sound in the liquid. The equation of motion for the
bubble wall has the form

RR+3R=—=(P~p.). M
O
where R is the bubble radius, g, is the liquid
density at infinity, and finally P and p, are the
pressure in the liquid at the bubble wall and at in-
finity, respectively. The dots denote differentiation
with respect to time.

Because of the assumption of liquid incompres-
sibility, this model gives satisfactory results only for
small amplitudes of oscillations, when flow veloc-
ities are relatively low.

Herring's original model [2, 3]

This model is based on the so-called acoustical
approximation, which assumes a constant velocity
of sound in the liquid, i.e. ¢ = ¢, = const. The equa-
tion of motion has the form

" R . R
RR(I —2—)+%R2(1 —%—)
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It can be immediately seen that for ¢, = o0 eq. (2)
reduces to (1).

This model is suitable for small and medium
amplitudes, when the flow velocities are moderate.

Gilmore’s model [3, 5]

In this model the velocity of sound in the liquid,
¢, varies with the pressure, p, as

n—1
c=cw(p+B)2". 3)

P+ B
Here B and n are constants in the Tait equation of
state for the liquid. For small deviations of p from
P €q. (3) gives ¢ + ¢, = const.

A further quantity occurring in this model is an
enthalpy difference between the liquid at pressures
p and p,, under isentropic conditions. The enthalpy
difference, h, equals

1 p+B \1L
= @w+B)(p ) 1. @
0o H—1 P+ B
For p, p, € B eq. (4) can be rewritten in the form
h= (P~ Peo)/Cc -

At the bubble wall p=P, c=C, and A= H. The
equation of motion in Gilmore’s model then has the

form _ )
RR(1—5 +1R2(1—l5)
c/ ? 3C (5)
=H(1+5 +5H(1—5).
C C C

For small deviations of P from p,, we obtain from
(5) an equation, which differs from (2) only in the
form and number of the correction terms (1 — R/c).

Gilmore’s model is suitable even for the largest
amplitudes of the bubble oscillations.

Herring's modified model

As mentioned in Section 1, a modified version of
Herring’s model will also be considered here. The
modification consists in the omission of the correc-
tion terms of the form (1 — R/c,) from eq. (2). We
obtain

.. 3 52 1 R .
RR+ZR =—(P—pw+c—P). (6)
0 0
This model, like Herring’s original model, is suit-
able for small and medium amplitudes of bubble
oscillations.

The gas pressure on the walls of the bubble is

given by the relation [4, 5]
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where Py and R, are the initial gas pressure and
bubble radius, respectively, and y is the ratio of the
principal specific heats.

For further work it is convenient to normalize the
above equations. In this study we shall use a com-
pression system [4], in which Py = P, and Ry = Ry
(here Ry is the maximum bubble radius and Py, is
the gas pressure when R = Ry). The non-dimen-
sional compression variables are defined as

;, =t/[Rm(Pu/02)"?l. Z=R/Ry,
P¥=P/py, C*=C(00/Pc)’?, H*=H(0y/Ps) .
After normalization we obtain:
Rayleigh's model
ZZ+372=p* -1, (8)

Herring’s original model

, Z\ y .. 4 Z
Z7Z 1—2—* +TZ 1—?'—*
cx ZCOC B} ©)
=P*—1+—*P(1~—* ,
Gilmore’s model Coo Coo

} Z\ 4, 1 Z
77 I——C—* +72 1—?5

e zZ\ z .. 4
=H ]+F +F‘:H I—F,(IO)
P*+ B*\""1
C*=ck | —7) 2, 11
cw( 1+ B* ) (1D
n P*+ ¥ \2-!
H*=——(1+B*%|{———] " -1,
n—1 1+ B*
(12)
Herring's modified model
v z .,
ZZ+372=P*—1+— P*, (13)
o0
and finally the equation for the gas pressure
P*=pPrz=3%, (14)
3. Results

Egs. (8) to (14) were solved for a number of non-
linear amplitudes from the range 1 <A4=10
(A=Rm/R., and R. is the equilibrium bubble
radius). The initial pressure, Py, was determined
from a relation [4]

Pr=4"3. 1%
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The initial conditions for egs. (8) to (10), and (13)
were Z(0)=1, Z(0)=0. The values of physical
constants used in the computations were y=4/3,
Po=10°Pa, 0, =103kgm™3, ¢, = 1450 ms™ ', B=
3-10*Pa,n="1.

For the comparison of the models we have
selected the significant wall positions Zy;, Zua,
and the time of the bubble compression T,
(Fig. 1).

Computed variations of the first minimum wall
radius, Z,,, with the amplitude, A4, are shown in
Fig. 2. It can be seen that for a given amplitude, 4,
Rayleigh’s bubble has the most violent oscillations,
and Herring’s bubble the most moderate. Gilmore’s
bubble, thanks to an increase in C for large pres-
sures, P, oscillates more violently than Herring’s
bubble.

Zml

1
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0

t; ——-—

Fig. 1. Significant positions of the bubble wall in the com-
pression system.
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Fig. 2. Variation of the first minimum bubble wall radius,
Z 1, with the amplitude, 4:

(—) Gilmore’s model,

(~—-) Herring’s original model,

(-'—) Rayleigh’s model,

(- --) Herring’s modified model.
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Similar behaviour can be traced in Fig. 3, where
computed variations of the second maximum wall
radius, Zy, with the amplitude, A4, are displayed.
Because Rayleigh’s model of medium-sized bubbles
does not account for any dissipative mechanism, it
yields undamped oscillations and hence Zyy=
Zm1 =1 for all 4. On the other hand Herring’s
model, thanks to the lowest velocity of sound in the
liquid, shows the largest radiation damping.

For a more detailed comparison of the models it
is convenient to use a relative deviation, d, defined
by a relation

5—M'N100[°/]
- o,

(16)

where the M stands for values to be compared and
N for reference values.

As an exact equation of the bubble-wall motion is
not known at present, Gilmore’s model, which is
generally considered to give the most satisfactory
results [5, 7}, is used as a reference model here.

Computed variations of dz, (i.e. of Zy,1) and dzm
(i.e. of Zy,) with 4 are shown in Figs. 4 and 5,
respectively.

The differences found in the value of T, for all
the models considered were negligible and hence we
do not give the corresponding graphs here. Let us
only note that the maximum computed deviation in
Rayleigh’s model was (dr)max =— 0.53%, in Her-
ring’s original model it was (dr)max = — 0.02% and
finally in the case of Herring’s modified model we
have found that (d1)max = — 0.49%.

1 —_— —V_‘"17"Y—’\ T
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Fig. 3. Variation of the second maximum bubble wall
radius, Zy,, with the amplitude, 4:

(—) Gilmore’s model,

(——=) Herring’s original model,

(—'=) Rayleigh’s model,

{(---—) Herring’s modified model.
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Fig. 4. Variation of the relative deviation, dz,,, with the
amplitude, 4. Deviation between:

( ) Herring’s original model and Gilmore’s model,
(—~—-) Herring’s modified model and Gilmore’s model,
(---) Rayleigh’s and Gilmore’s models.
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Fig. 5. Variation of the relative deviation, dzy, with the
amplitude, 4. Deviation between:

(——) Herring’s original model and Gilmore’s model,
(~—-) Herring’s modified model and Gilmore’s model,
(---) Rayleigh’s and Gilmore’s models.

4. Discussion

Let us define the area of the model validity as a
range of amplitudes, for which the relative devia-
tions satisfy unequality § < 5% for any quantity of
interest. Then it follows from Figs.4 and 5 that
Rayleigh’s model can be used for amplitudes up to
A =2, and Herring’s model up to 4 =45 An
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interesting finding is that the modified Herring
model yields almost the same precision of computa-
tions as the original Herring model. This indicates a
relative unimportance of various correction terms in
the equation of motion and it is also a reason why
we expect little difference between the models of
Herring, Keller and Kolodner, Flynn, and Tomita
and Shima.

In this paper Gilmore’s model was used as a
reference, though it is hard to assess at present how
exact this model really is. Unfortunately, the only
valid check, i.e. a comparison with experimental
data, is impossible because there is none available.
Thus the only criterion available is the result of
computations performed by Hickling and Plesset [5].
These authors solved simultaneously Gilmore’s
model and the governing hydrodynamical equations
for several values of y, py, and P,. The governing
equations were integrated by a finite difference
method and were assumed to provide an ‘‘exact”
solution. From the graphs for y= 1.4, p,, = 10° Pa,
and P, =10% 103 10% and 10 Pa published in [5] it
is possible to infer that both methods yield essen-
tially the same value of Z,, for P, = 10* and 103 Pa
(4=1.73 and 3, respectively). For P,=10%*Pa
(A = 5.18) the relative deviation of Gilmore’s result
from the “exact” solution is approximately 7, =
1.75%, and for P, =10Pa (4=896) it is oz, =
6.7%. These figures indicate a degree of uncertainity
inherent in the graphs shown in Figs.4 and S.
However, the question still remaining to be an-
swered is how correct are the “exact” results them-
selves.

The areas of validity presented above were deter-
mined from a comparison of the quantities Z,,, and
Zy- Evidently, for other quantities other limits on
A would be found. For example, it was noted in [4]
that parameters of the radiated pressure pulses (the
peak pressure in the wave and the effective pulse-
width) are very sensitive to changes in the bubble
wall motion. Hence, limiting amplitudes that would
be found from deviations of these quantities should
be appropriately lower.

The limiting deviation é = 5% was selected quite
arbitrarily (for other values of ¢ the areas of model
validity can also be easily determined from Figs. 4
and 5). However, let us note here that there is no
sense in attempting an extraordinary precise com-
putation and that a 5% inaccuracy represents a
reasonable compromise. The reason for this is that
all the known bubble models assume ideal condi-
tions that are never met in real situations. For
example, the bubble shape is usually spherical only
in the vicinity of the first maximum radius Rpy;. On
later occasions the shape may be seriously distorted,
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especially in the vicinity of the first minimum
radius Ry, (see, e.g. photographs in [2] and [10]).

Another question worth raising is the credibility
of the bubble models under consideration. As we
have said above, the validity of the models has not
been verified experimentally yet (with the excep-
tion, perhaps, of linear oscillations). On the con-
trary, the few existing experimental works (see, ¢.g.
[2, 11-13]) indicate serious discrepancies between
the calculated and measured data. Hence, to stress
the approximate nature of the models we deliber-
ately use round values for the physical constants
(6.8 05 =103kg m™? for water at 20 °C instead of
the table value g, = 998.23 kg m~3, etc.).

The solutions of the bubble oscillations were
carried out for amplitudes as large as 4 = 10. From
the mathematical point of view there is apparently
no upper bound on the value of the parameter A
(e.g. Flynn [7] performed calculations for 4 = 8.56,
Hickling and Plesset [5] for 4 = 8.96, Ebeling [14] for
A =25, and finally Lastman and Wentzell [9] for an
amplitude as large as 4= 73.4), the only limiting
factor probably being the machine time available
for numerical solution.

However, there seem to be certain physical con-
straints. As far as the behaviour of real bubbles is
concerned, these physical limitations may originate,
for example, in the nature of excitation techniques
[15] or in the instability of a fast moving liquid-gas
interface [16].

But it is also necessary to bear in mind that the
models were derived under certain assumptions.
For example, eq. (7) assumes a perfect gas, a uni-
form pressure field in the bubble interior, and a re-
versible change of the gas state. Evidently, these
assumptions are only viable in the case of bubbles
oscillating with moderate amplitudes.

It is our opinion (reasons for this opinion we want
to discuss in greater detail elsewhere) that the
maximum amplitude the bubble can oscillate with
1s much smaller than 4= 10. If this assumption
proves to be correct, then the results presented here
indicate that as far as the bubble wall motion is
concerned, Herring’s model gives satisfactory results
for almost all the amplitudes of interest. However,
Gilmore’s model remains irreplaceable in the
studies of the shock waves and strong pressure pulse

propagations.
(Recetved January 29th, 1985.)
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