ON RAYLEIGH’S MODEL OF A FREELY OSCILLATING BUBBLE.
II1. LIMITS
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In the paper the range of bubble sizes for which the effects of gravity, surface tension, viscosity,
and heat conduction can be neglected is determined. The equations of motion for macrobubbles
and microbubbles are also presented.

1. INTRODUCTION

In the preceding papers [1, 2] equations of motion for the bubble wall were
derived and solved for a broad range of amplitudes. However, until now the in-
fluences of gravity, surface tension, viscosity, and heat conduction have been omitted
from the analysis. It will be shown in this paper that the omission is fully justified
in the case of medium-sized bubbles, the actual dimensions of which will be therefore
determined. Thus, in doing so, the limits of validity of the previous simple analysis
will be found.

2. INFLUENCE OF GRAVITY

In the previous analysis the influence of gravity was deliberately omitted. This
resulted in a model of a stationary bubble that did not vertically rise in the liquid.
However, it is well known that real bubbles, when left free in the liquid, float upward
(Archimedes’ law). The upward velocity of the bubble, U, depends on the bubble
size and it holds approximately that the larger the bubble, the larger is the velocity.
As the velocity U does not grow linearly with Ry, it is possible to expect that for
sufficiently small bubbles this vertical motion can be neglected to a first approxima-
tion. The aim of this section is to determine the size of bubbles for which the simple
analysis neglecting gravity is still valid.

According to Taylor [3] the kinetic energy associated with a translational motion
of a bubble, E,, is given by

(111-1) E, = ggmuz ,
where the upward velocity, U, equals
t
(11-2) U=29{grqr.
R3],

Here g is the acceleration of gravity.
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In this paper only a somewhat simplified approach based on the compression phase
and on an assumption of a constant ambient pressure, p_,, will be followed.
The energy equation for the compression phase equals

(111-3) AE, + E, = E, + E, .

>

It is evident that as long as E, is negligible in comparison with the full energy, Eonm
the simple previous analysis gives satisfactory results.

Let us note here that Taylor’s analysis represents just a first approximation to the
effect of gravity. This can be seen best from eq. (III-3), where the translational
energy increases the total bubble energy. This is apparently not correct because
the energy associated with the upward motion must come at the expense of the
potential energy. However, as far as the first period of oscillations in the expansion
system is concerned, Cole [3] reports a good agreement between calculated and
observed bubble motions. It can then be expected that the accuracy of results re-
garding only the compression phase will also be satisfactory.

Let us pass to the nondimensional compression variables. Defining the nondimen-
sional acceleration of gravity and upward velocity as g, = gRM(Q/ p.) and U* =
= U(o/p.,)"/?, respectively, we obtain

(111-4) E, = 1U**Z?,
« i
(11-5) U* = 2g, P J Z? dr, ,
0
(111-6) AE., + E, = E, + E,.

The limiting bubble size will be found in two ways: (1) from the energy relations
given above, and (2) from the solution of the equation of motion. First, let us evaluate
egs. (I11-4)—(IT1-6). If the upper limit of integration in (I11-5) is set to be T, egs.
(111-4) and (ITI-5) can be rewritten

(111-7) E..= 30Xz},

) | T:c
(111-8) U¥ =2g. — Z3drt, .
Z,Jo

m

The integral can be easily evaluated for 4 — 1 and y = 4/3. Then Z = Z,, = 1
and from (II-4) we find that T,, = n/2. Hence U = ng. and E,,, = ng?/4. Con-
sidering the ordinary values of p,, ¢ and g [1] we have g, = 0-1 Ry and finally
E,. =25 x 107* n?R{,. Supposing that the influence of gravity can be neglected
for E;,. = 001 we find the corresponding limiting radius to be Ry = 2/n = 0-6 m.

For other values of A the integral in (I1I-8) must be evaluated numerically. For
the limiting case A — co the value of the integral, I, approximately equals I = 0-5.

It follows from fig. II-1 that this value of I can be used conveniently for any suffi-
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moand E, = 25 X
x 1073 R} Z-3. Substituting, as above, in this last relation the value E,,, < 0-01

Zte =

we finally obtain an approximate formula for the limiting maximum radius

ciently intensive oscillations. We then have U = 0-1 Ry/Z}

(111-9) Ry=2Z°, 4=2.

Thus the limiting bubble size depends on A: the larger the A4, the smaller the Ry,.
The second approach in finding Ry, is based on the equation of motion. That can
be determined by the usual procedure from eq. (II1-6). We obtain

. . U*Z
(11-10) 77 + 372 = A7 4 - 1,

where U* is given by eq. (III-5).

Egs. (I1I-5) and (III-10) were solved for a number of amplitudes 4 and sizes Ry,.
The initial conditions were Z(0) = 1 and Z(0) = 0. From computed values of Z,,
and p,, (T, varied very little with Ry,) a relative deviation, §, was calculated using
the formula

(111-11) s=M-N

100 [%].

Fig. III-1. Influence of gravity:
change of Z, with growing Ry,.

0 T T T
=~
vy
.5 —
Fig. II1-2. Influence of gravity:
change of p,, with growing Ry 10 ! Lo |
107 107

RM/m

Here M means the values of Z,, and p,, obtained from eq. (11I-10) and N the values
obtained from eq. (I-12). Dependences of §, and §, on Ry, are depicted in figs. TII-1
and IH-2.

For a given deviation, d, it is possible to obtain the dependence of the limiting
radius, Ry, on 4 from figs. III-1 and 1I-2. The curves obtained for §; = 5, = 1%
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are displayed in fig. II1-3. It follows from fig. III-3 that Rayleigh’s model, which
does not consider the influence of gravity, gives satisfactory results for bubbles
with the maximum radius Ry < Ry = 03m (4 < 15) and Ry < Ry = 01m
(15 < A £ 2). It can also be seen that for bubbles oscillating with A > 2 the limiting
radius, Ry, will be even smaller than 0-1 m, a fact that also follows from (III-9).

20 T L T T
15+
Fig. ITI-3. Limiting bubble sizes
10 I pop | L 11 L1 for 6, = 6, =17
10° 1072 10" 10°

Ry/m

Bubbles larger than the limiting size will be called macrobubbles. They are most
often generated by underwater explosions and will be not treated in this study.
A more detailed account regarding them can be found in [3].

The plane “size-amplitude” (Ry, — A) is very instructive in studying the behaviour
of bubbles with different sizes and amplitudes. It will be referred to as the bubble
map.

3. INFLUENCE OF THE SURFACE TENSION

Further factors not included in the previous analysis are the surface tension,
viscosity, and heat conduction. It will be shown in this and in the following sections
that these factors are important only for sufficiently small bubbles. As in the pre-
ceding section, we shall therefore attempt to find the limiting size of the bubbles,
Ry, for which these factors can still be neglected to a reasonable degree.

The surface energy, E,, associated with the bubble wall is given by the relation

(111-12) E, = 4n0R?,

where o is the surface tension constant. The surface energy has a maximum, E,
for R = Ry. When the bubble wall moves from Ry, to R, the decrease in the surface
energy, 4E, equals

(111-13) : AE, = 4no(Ry — R?).

The surface tension tends to contract the bubble and thus the energy relation for the
compression phase is

(I11-14) AE, + AE, = E, + E;.

At this point we shall pass to the nondimensional quantities. Defining the non-
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dimensional surface tension constant as o, = ¢/(p,Ry), egs. (II-13) and (III-14)
can be rewritten to give

T11-15) AE,, = 30 (1 — Z?),
1 2
(I11-16) AE,, + AE, = E, + E,, .

In eq. (II-16) both the potential and the surface energies represent driving energies
in the bubble compression. Let us therefore evaluate how their mutual share varies
during the wall motion from Zy to Z. From (I-9) and (III-15) we have

AE,, 1-— 22
0 3, 2
AE 1—2°

zp
which equals 2g, for Z — 1 and 30, for Z — 0. It follows then that the relative
share of the surface energy as a driving energy increases from 20,4E,, at the beginning
of the compression to 30,4E_, at the end of the contraction. Hence, the role of the
surface tension increases with advancing compression; however, this increase is not
decisive.

From (III-15) the maximum of the surface energy is E, = 3¢,. It is evident that
as long as E, can be neglected in comparison with E, the simple analysis of the
previous papers [1, 2] will yield satisfactory results. Using the definition of ¢, this
limit can easily be found. If it is required that E,, < 0-01, then it follows that Ry,
must satisfy the relation )

(111-17)

(111-18) Ry = Ry = 3¢ x 102,

P
and, as we can see, the limiting size, Ry, does not depend on A.

For example, for ordinary values of ¢ and p,, [1] we find that the influence of the
surface tension can be neglected for bubbles with the maximum radius Ry, = Ry, =
= 0-23 mm.

The equation of motion can be found by the usual procedure from eq. (III-16).
Using (I-7)—(1-9) and (I11-15) we obtain
(111-19) 77 + 37* = Prz7% — 27" -1,

In this equation P} represents the measure of the oscillation intensity. It is possible
to use also nonlinear amplitude, A, for this purpose; however, now the simple rela-

tion (I1-22) does not hold any more. In the presence of the surface tension the pres-
sure in the liquid at the bubble wall, when R = R, is

(I11-20) P, =p, + .

[

From (I-1) the pressure in the gas, when R = R_, equals

Ry \*7
(111-21) P, =P, (R—M> .
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Equating (I11-20) with (III-21) and using the definition formula for the amplitude
(4 = Ry/R,) the relation between P}, and A can be found in the form

(111-22) P¥ = (1 +20,4) 477"

It follows from (III-20) that owing to the surface tension the equilibrium pressure
exceeds the pressure p,, when R = R,. However, it can be verified that the kinetic
energy of the liquid still has a maximum, E,,,,, at the equilibrium radius.

It will be shown in the next sections that for the range of bubble sizes where the
surface tension becomes important, viscosity and heat conduction must also be
considered. As all these influences act together, there is no sense in solving the equa-
tion of motion for the surface tension alone and we therefore postpone this task
until the other two effects are taken into account.

4. INFLUENCE OF VISCOSITY

Viscosity represents the only damping mechanism that is currently considered
in connection with Rayleigh’s model. The energy dissipation due to viscosity, E,,
was found by Poritsky [4] to be

t
(I11-23) E, = 16m J RR? dt,
0

where 7 is the coefficient of dynamic viscosity.

Now the energy relation has the form
(111-24) AE, = E, + E; + E, .

Introducing nondimensional viscosity, 7. = n/[Ru(ep)'/*], we obtain a non-
dimensional form of (I1I-23) and (I11-24)

(I11-25) E. = 12,12'[ 272 dr,

]

(111-26) AE,, = E, + E,; +E,,.

Again, let us first determine the limiting size of bubbles for which viscosity can be

neglected, from energy consideration. For this purpose the integral in (J11-25) must

be evaluated. As in section 2, the upper limit of integration will be set to be T,..
The integral can be easily solved in the case of linear oscillations. In the X system

eq. (I11-25) has the form

(111-27) E. = 1211xj

TXC
2
X?dr,,

0

where 1, = 5/[Ru(p.,)!/?]. Using (11-2)—(11-4), the value of the integral in (111-27)
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is I = (n/2)(3y)'/*> A%. For E,,. < 001 and y = 1 eq. (III-27) can be rearranged
to give
(L11-28) R,Z R =33 x 107% 42,

Thus in the case of linear oscillations the limiting bubble size, R, grows as the square
of the amplitude A4,. For example, if A, = 0-05, then viscosity can be approximately
neglected for bubbles with an equilibrium radius R, = 0-8 um, and for 4, = 0-1
for bubbles with R, = 3-3 um.

In the case of nonlinear oscillations the integral must be computed numerically.
For example, if A = 2 and y = 4/3, we obtain that I = 0:65. Then for E,,, to be
negligible in (111-26) (i.e. E,,. < 0-01), we find from (I11-25) tkat Ry = Ry, = 78 um.
The value of the integral, I, was obtained in a model without surface tension and heat
conduction. Since for bubbles of this size (i.e. Ry = 0-1 mm) both these effects
are important, this result must be considered with certain caution.

It follows from the foregoing discussion that the effect of viscosity depends on the
amplitude 4. The greater the amplitude, the larger the limiting size of bubbles Ry,.
It is reasonable to expect that for sufficiently large amplitudes viscosity will become
important even for bubbles with Ry > 0-1 mm. Nevertheless, for amplitudes 4 < 2
viscosity is important even for still smaller bubbles than is the case with the surface
tension. Therefore eq. (III-26) has to be extended to include also the surface energy.
We obtain

(111-29) AE,, + AE, = E, + E,; + E,,.

Using (I-7)—(1-9), (I1I-15) and (II1-25) the equation of motion can be determined
in the form

111-30 JZ 432 =Pz 2 g Ly
z z

z

Some results obtained with eq. (IJI-30) will be given in the next section, after the
last factor, heat conduction, has been briefly discussed.

5. INFLUENCE OF HEAT CONDUCTION

So far it has been supposed that the bubble behaves as a thermally isolated system,
i.c. that its compressions and expansions are adiabatic. This assumption is based
on the relatively low heat conductivity of gases. However, numerous theoretical and
experimental studies have shown (e.g., [5—8]) that if the bubble size is being de-
creased, starting from a certain radius, Ry, the heat transfer between the gas and
the liquid becomes more and more important, and there will be a transition from
adiabatic to isothermal behaviour. This transition finds a place for the size of bubbles,
Ry, approximately between 3 mm and 3 pm. The bubbles with Ry, = 3 mm behave
as an adiabatic system, and the bubbles with Ry, £ 3 um as an isothermal one. In
the transition region, i.e. for 3 ym < Ry < 3 mm, the thermal behaviour of the
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bubbles is rather complicated. There is a partial heat transfer across the interface
accompanied by heat losses. There is also a change in the thermal behaviour during
the wall motion from Ry to R,,. Whereas in the vicinity of Ry the motion is basically
isothermal, in the vicinity of R,,, where the wall velocity is very high, it is adiabatic.
In the transition region heat conduction becomes, if not predominant, then at least
one of the most important dissipative mechanisms [5, 7, 8]. Inclusion of the heat
losses into the equation of motion presents a difficult task and will be omitted here.
As a first approximation, thermal behaviour of bubbles in the transition region will
be considered to be polytropic. Unfortunately, since the polytropic change is a revers-
ible one, such a model does not account for the heat losses.

As can be easily verified the equation of motion based on the assumption of the
polytropic change will have the same form as eq. (I1I-30), the only change being
in replacing the adiabatic exponent y with a polytropic exponent n, where 1 < n < y.
The value of n to be used in eq. (I11-30) depends on Ry;. In the vicinity of Ry = 3 mm
it approximately holds that n = y. With decreasing Ry, n also decreases, until in the
vicinity of Ry = 3 pm, n = 1.

If the bubble behaves as the isothermal system (RM <3 um) the work done on the
gas during the compression is given by the equation

(Im1-31) E; = 4nP,R;; In (Ry/R)? .
The nondimensional form of (I1I-31) is
(I11-32) E, = PXIn(1/Z)° .

Substituting (I1I-32) into (III-29), we may obtain, in the usual way, the equation
of motion for the bubble wall. It may be verified that even in the isothermal case the
equation of motion has the same form as (I1I-30); however, now y = 1. Thus eq.
(IT1-30) represents a universal one because it is valid not only for the adiabatic model,
but also for the polytropic and isothermal ones, if only the correct values of y or n
are used.

The significant values Z,, and T, can be determined by numerical integration of
eq. (II1-30). To determine the pressure p,,, eq. (II-23) must be modified. Since the
peak pressure at the wave is radiated when Z = Z,, and Z = 0, egs. (I-25) and (II1-30)
can be arranged to give

(III-33) Pup = Z., [(1 + 2O-ZA) A—3YZn—13Y _ %qf - 1] .

m

Eq. (I1I-30) was numerically integrated for a number of amplitudes A4, bubble
sizes Ry, and for values of y = 1 and y = 4/3. The computed values of Z,, were also
used to determine p,, from eq. (III-33). Then, using relation (III-11) the relative
deviations 6, oy, and 5, were found. Now the solutions of egs. (II-30) and (III-33)
were substituted for M and solutions of egs. (I-12) and (I1I-23) for N. Dependences
of 6z, 6, and J, on Ry thus found are given in figs. ITI-4 to III-7.
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To determine the limits of validity of eq. (I-12), the values of R}, corresponding
to 0 = 19, and to a given amplitude, 4, were determined from fips. III-4 to III-7.
The results thus obtained are displayed in figs. ITI-8 and III-9.

Fig. IT1-4. Influence of surface ten-
sion and viscosity: change of Z,,
and T, with decreasing Ry. y ==

= 4/3.
10 T T T T T
NN
< A=105+125 §=413
a
NO 5 L
0
.5 b
. 20
Fig. II-5. Influence of surface ten-
sion and viscosity: change of Pzp
with decreasing Ry. y = 4/3. 10 | LA | b | L
10°® 107 10 10°

Ry /m

It can be concluded from figs. ITI-8 and ITI-9 that as far as the surface tension
and viscosity are concerned the simple model (I-12) gives satisfactory results for
Ry = Ry = 0-1mm (4 < 2). However, eq. (III-30) does not include the heat
losses. As said above, these become significant for bubbles with Ry, < 3 mm. Thus
the lower limit of the simple Rayleigh model (I-12) can be approximately given as
Ry = 3 mm. Bubbles with a radius in the range of microns, i.e. with Ry, < 1 mm,
will be called microbubbles.
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Before closing this section let us derive an equation of motion for linearly oscillating
microbubbles. Passing in (I11-30) from the Z to the X variables and linearizing the
resulting equation we easily obtain

(111-34) X+ X+3y+0By—-1)20,]X=0.

Fig. I1I-6. Influence of surface ten-
sion and viscosity: change of Z
and T, with decreasing R),.

y = 1-00.

Fig. III-7. Influence of surface ten-
sion and viscosity: change of Pzp
Il ) a1l with decreasing Ry. y = 1-00.
107® 10°° 107 102

RM / m

Here the nondimensional surface tension, o, is defined by the relation o, = of

/(Repo)-
Eq. (I11-34) describes damped free linear oscillations of a microbubble. As dis-

cussed above the value of y has to be selected according to the bubble size. The
solution of eq. (III-34) for the initial conditions X(0) = 4, and X(0) = 0 has the
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well-known form

(111-35) X = A exp (—9,1,) cos (wuy) -

Here, the nondimensional circular frequency of damped oscillations, w4, is given
by the relation

(111-36) R A
20 T T T T T T T T
A =413
Pzp Zn 7
15+ —
Fig. III-8. Limiting bubble sizes Tze
for 5Z:5p:5T: 1%. vy = 4/3. 1.0 1 Coua 1 ] ! ! 11
10° 10° 10 107
Ry /m
20 T [ T l T T T I T T
A TZC
P,
15+ P Zm —
Fig. III-9. Limiting bubble sizes ¥=1.0
for 6z =6,= 0, =1%.y=100. 44 I ! ; Ll
10° 10°° 10 103
RM Im

where the nondimensional circular frequency of undamped free oscillations,
equals

X072

(111-37) wi, =3y + 3y — 1)20,,
and the nondimensional damping constant, §,, (6, = 6R.(¢/p,,)"?) is
(111-38) 25, = 4, .

6. CONCLUSION

As has been shown in the paper there is a certain range of bubble sizes, for which
satisfactory results can be obtained without taking into account the effects of gravity,
surface tension, viscosity, and heat conduction. For amplitudes A < 2 this range
spans approximately two decades from Ry = 0-3m to R} = 3 mm. Rayleigh’s
model of these medium-sized bubbles is rather simple, and, what is even more im-
portant, the solution of the equation of motion does not depend on the bubble size.
Thus, there are only two parameters involved in the equation of motion, namely the
amplitude 4 and the adiabatic exponent y. However, this is not true about the
macrobubbles or microbubbles, where a unique solution is obtained for each Ry
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Fortunately, at least some of the bubbles used in laboratory experiments seem to
belong in this medium size range [9—12], though further work is needed to clarify
the limits for amplitudes 4 > 2.

For macrobubbles the effect of gravity becomes important and appropriate models
can be found in [3]. On the other hand, for microbubbles the surface tension, viscos-
ity, and heat conduction cannot be neglected. The analysis is especially complicated
in the transition region (i.e. when Ry, is between 3 mm and 3 pm), where heat losses
significantly influence the bubble motion.

Though there is a vast literature on bubblelogy the author believes that there are
still too many unsolved basic problems in bubble dynamics. For example, the existing
experimental works (see e.g. [3, 12, 13]) show serious discrepancies between cal-
culated (the calculations are meant in models considering the liquid compressibility)
and measured energy losses during bubble pulsations. This indicates that the existing
theoretical models do not take into account all important factors.

It is our opinion that the bubbles should be studied primarily in their simplest
form. As has been shown in the paper, this simplest form is represented just by the
free oscillations of the medium-sized gas bubbles. Only when this case is thoroughly
explored and the respective theoretical models give reliable predictions, should the
microbubbles or forced nonlinear oscillations be studied in greater depth. Otherwise
we run the risk of erroneous theoretical conclusions which are almost impossible
to rebut by experiments for the present.

Another factor affecting the complexity of the bubble behaviour is the amplitude.
It is clear that the larger the amplitude, the more complicated the processes involved
in the bubble motion. For the reasons mentioned above it seems therefore natural
to start the research first with the small amplitude oscillations, and to advance to
more violent oscillations only when this area has been fully mastered. Unfortunately,
as far as we know, no systematic experimental research in this direction has been
undertaken.

Received 5. 4. 1984.
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